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GROWTH OF LOCAL HEIGHT FUNCTIONS ALONG
ORBITS OF SELF-MORPHISMS ON PROJECTIVE
VARIETIES
YOHSUKE MATSUZAWA
Abstract. In this paper, we consider the limit
lim
nÑ8
ÿ
vPS
λY,vpf
npxqq{hHpf
npxqq
where f : X ÝÑ X is a surjective self-morphism on a smooth pro-
jective variety X over a number field, S is a finite set of places,
λY,v is a local height function associated with a proper closed sub-
scheme Y Ă X , and hH is an ample height function on X . We
give a geometric condition which ensures that the limit is zero,
unconditionally when dimY “ 0 and assuming Vojta’s conjecture
when dim Y ě 1. In particular, we prove (one is unconditional, one
is assuming Vojta’s conjecture) Dynamical Lang-Siegel type theo-
rems, that is, the relative sizes of coordinates of orbits on PN are
asymptotically the same with trivial exceptions. These results are
higher dimensional generalization of Silverman’s classical result.
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1. Introduction
LetK be a number field. A nice variety overK is a smooth projective
geometrically irreducible scheme over K. The following question has
fundamental importance in the study of arithmetic dynamics of self-
morphisms of (higher dimensional) algebraic varieties.
Question 1.1. Let X be a nice variety over K and f : X ÝÑ X be
a surjective morphism. Let Y Ă X be a proper closed subscheme of
X. Let us fix a local height function tλY,vuvPMK associated with Y , a
1
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global height function hY associated with Y , and a height function hH
associated with an ample divisor H on X. Let x P XpKq be a point.
(1) Under what conditions on f, Y , and x do we have
lim
nÑ8
hY pf
npxqq
hHpfnpxqq
“ 0 ?
(2) Let S ĂMK be any finite set of places. Under what conditions
on f, Y , and x do we have
lim
nÑ8
ř
vPS λY,vpf
npxqq
hHpfnpxqq
“ 0 ?
Let us give some comments on Question 1.1. Since hY and λY,v are
getting smaller as dimY is getting smaller, the limits in the question
tend to be 0 for smaller dimensional Y . When codimY ě 2, it would
be reasonable to expect that hY pf
npxqq does not get lager as the ample
height hHpf
npxqq grows (with trivial exceptions). Any positive answer
to Question 1.1(1) would be helpful to understand, for example, the
growth of functions which are pull-backs of ample height functions by
rational maps (Y would be the indeterminacy locus of the rational
map). Also, as pointed out by Silverman, when,
X “ P2Q and
f : P2 ÝÑ P2; px : y : zq ÞÑ pax : by : zq
where a, b are multiplicatively independent integers, and Y “ tp1 : 1 :
1qu, then
lim
nÑ8
hY pf
np1 : 1 : 1qq
hHpfnp1 : 1 : 1qq
“ 0
is equivalent to
lim
nÑ8
log gcdpan ´ 1, bn ´ 1q
n
“ 0
which is a highly non-trivial theorem in Diophantine approximation by
Bugeaud, Corvaja, and Zannier [2].
On the other hand, when codimY “ 1, answers to Question 1.1(1)
could be purely algebro geometric. If Y can be (birationally) contracted
to a higher codimensional subvariety, the problem reduces to a higher
codimension one (for possibly rational self-maps). If Y has enough
positivity (e.g. ample), the limit in Question 1.1(1) would never be
zero.
While Question 1.1(1) seems not to be studied extensively so far,
there are some works related to Question 1.1(2) (when Y is a divisor).
When Y is an ample divisor, a positive answer to Question 1.1(2)
implies there are only finitely many S-integral points with respect to
Y in the f -orbit of x. For example, when X “ P1, Silverman proved
that the limit in Question 1.1(2) is zero with trivial exceptions [18]. For
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X “ PN , there are works by Yasufuku [20,21] under the assumption of
Vojta’s conjecture.
In this paper, we focus on Question 1.1 (2). We give sufficient con-
ditions for the limit to be zero in terms of geometry, completely un-
conditional when dimY “ 0 and assuming Vojta’s conjecture when
dimY ą 0. Let us introduce some notion which we need to state our
main theorems.
1.1. Arithmetic degrees.
Definition 1.2. Let K be a number field and X be a nice variety over
K. Let hH be a height function on X associated with an ample divisor
H on X . Let f : X ÝÑ X be a surjective morphism. For any point
x P XpKq, the arithmetic degree of f at x is
αf pxq :“ lim
nÑ8
maxt1, hHpf
npxqqu1{n.
This limit always exists and is independent of the choice of H and hH
(cf. [8, 9]) .
Remark 1.3. Let d1pfq be the first dynamical degree of f , i.e. the
maximum modulus of eigenvalues of f˚ : N1pXKq ÝÑ N
1pXKq, where
N1pXKq is the group of divisors modulo numerical equivalence. Then
it is know that αf pxq ď d1pfq for all x P XpKq ( [8, 13]) and conjec-
tured that the equality holds if x has Zariski dense f -orbit (Kawaguchi-
Silverman conjecture).
Example 1.4. When X “ PNK , αf pxq “ d1pfq if the f -orbit of x is
infinite and αfpxq “ 1 otherwise. Here the first dynamical degree d1pfq
is just the degree of the coprime homogeneous polynomials defining f
in this case.
Arithmetic degree measures the asymptotic growth rate of hHpf
npxqq.
Indeed, we have the following due to Sano.
Proposition 1.5 ( [16, Theorem 1.1]). Suppose αf pxq ą 1. Then there
are a non-negative integer l and positive real numbers C1, C2 such that
C1n
lαfpxq
n ď maxt1, hHpf
npxqqu ď C2n
lαf pxq
n
for all n ě 1. Note that l depends on x, but C1, C2 depend only on f .
1.2. Multiplicities. Let k be a field of characteristic zero. An alge-
braic scheme over k is a separated scheme of finite type over k. A
variety over k is an algebraic scheme over k which is irreducible and
reduced.
Definition 1.6. Let f : X ÝÑ Y be a finite flat morphism between al-
gebraic schemes. For a (scheme) point x P X , we define the multiplicity
of f at x as
efpxq “ lOX,xpOX,x{f
˚
mfpxqOX,xq.
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Here mfpxq is the maximal ideal ofOY,fpxq and lOX,x stands for the length
as an OX,x module.
The following quantity plays a key role in this paper.
Definition 1.7. Let f : X ÝÑ X be a finite flat self-morphism of an
algebraic scheme over k. Let x P X be a scheme point. We write
ef,`pxq :“ e`pxq :“ lim
nÑ8
efnpxq
1{n
where the existence of the limit is due to Favre (see [4, Theorem 2.5.8],
[6, §7], [5]). For a subvariety P Ă X with generic point η, we also write
e`pP q “ e`pηq.
Note that if x is f -periodic of period r, this is just the geometric
mean of the multiplicities of f on the orbit:
e`pxq “
`
efpxqef pfpxqqef pf
2pxqq ¨ ¨ ¨ efpf
r´1pxqq
˘1{r
.
1.3. Main theorems. Now we state our main theorems. Let K be a
number field.
The first theorem concerns the case when dimY “ 0. We state
the theorem using arithmetic distance functions because we want to
make it compatible with a classical theorem in [18] by Silverman. See
section 2 for the definition of arithmetic distance function.
Theorem 1.8. Let X be a nice variety over K. Let f : X ÝÑ X be
a finite surjective morphism and S Ă MK a finite set. Let hH be an
ample height function on X and δX be an arithmetic distance function
on X.
Let x, y P XpKq be points satisfying the following:
(1) αf pxq ą 1;
(2) y R f ipP q for all i ě 0 and for every subvariety P Ă Rf which
is f -periodic and satisfies ef,`pP q ě αfpxq. Here Rf is the
ramification divisor of f .
Then
lim
nÑ8
ř
vPS δX,vpf
npxq, yq
hHpfnpxqq
“ 0.
Remark 1.9.
(1) The function δX,vp´, yq where y is a fixed K-point is exactly a
local height λy,v associated with the closed subset tyu.
(2) If the assumption αfpxq ą 1 holds, then the orbit Ofpxq is
infinite and the first dynamical degree of f is larger than one:
d1pfq ą 1.
(3) If x has Zariski dense f -orbit, then the Kawaguchi-Silverman
conjecture implies that αfpxq “ d1pfq.
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(4) The self-morphism f is called int-amplified if there is an ample
divisor A on XK such that pfKq
˚A´A is ample. (the subscript
p qK stands for base change.) This is equivalent to saying that
all eigenvalues of pfKq
˚ : N1pXKq ÝÑ N
1pXKq have modulus
strictly greater than 1. If f is int-amplified, then αf pxq ą 1 if
and only if the f -orbit Ofpxq of x is infinite (cf. [15, Theorem
1.1]).
(5) The assumption (2) is equivalent to ef,´pyq ă αf pxq. See sec-
tion 4 for the definition of ef,´.
(6) As pointed out in [18] (comments below Theorem D), Theo-
rem 1.8 is far from being true in transcendental setting. That
is, for example, if v is an archimedean absolute value such that
Kv “ C, x P XpCq, and hHpf
npxqq is replaced with d1pfq
n, we
can also ask if the sequence δX,vpf
npxq, yq{d1pfq
n goes to zero.
This is not true even for y with ef,´pyq “ 1 and uncountably
many x.
For special cases, the assumptions in Theorem 1.8 become simple.
Corollary 1.10. In the setting of Theorem 1.8, assume f is e´tale. Let
x P XpKq be a point such that αfpxq ą 1. Then for all y P XpKq, we
have
lim
nÑ8
ř
vPS δX,vpf
npxq, yq
hHpfnpxqq
“ 0.
Proof. Since Rf “ H, the condition (2) in Theorem 1.8 vacuously
holds. 
We also recover Silverman’s theorem ( [18, Theorem E]).
Corollary 1.11. Let f : P1 ÝÑ P1 a surjective morphism over K with
deg f ě 2. Let S ĂMK be a finite set. Let h be the naive height on P
1
and δ be the arithmetic distance function on P1. Let x, y P P1pKq be
points and suppose:
(1) the f -orbit Ofpxq of x is infinite;
(2) y is not a totally ramified periodic point of f .
Then we have
lim
nÑ8
ř
vPS δvpf
npxq, yq
hpfnpxqq
“ 0.
Proof. Let d “ deg f . We check the two conditions in Theorem 1.8.
Since Ofpxq is infinite, we have αfpxq “ d ą 1 and (1) is satisfied. The
condition (2) in Theorem 1.8 is equivalent to saying that y is not a
totally ramified periodic point of f . 
Next, we move to the case where dimY ě 0.
Definition 1.12. A subset O Ă X is called generic if O X Z is finite
for all proper Zariski closed subsets Z Ă X .
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Assuming Vojta’s conjecture, we can prove the following.
Theorem 1.13. Let X be a nice variety over K. Let f : X ÝÑ X be
a finite surjective morphism and S Ă MK a finite set. Let hH be an
ample height function on X. Let Y Ă X be a proper closed subscheme
and x P XpKq a point. Suppose:
(1) αf pxq ą 1;
(2) the f -orbit Ofpxq of x is generic;
(3) There is no f -periodic subvariety P such that Y X P ‰ H and
ef,`pP q ě αf pxq.
Assume Vojta’s conjecture (for blow ups of X). Then
lim
nÑ8
ř
vPS λY,vpf
npxqq
hHpfnpxqq
“ 0.
Remark 1.14.
(1) If P Ă X is an f -periodic subvariety with ef,`pP q ą 1, then
f ipP q Ă Rf for some i ě 0.
(2) If the Dynamical Mordell-Lang conjecture is true for f , then
Ofpxq is generic if Ofpxq is Zariski dense.
(3) The assumption (3) is equivalent to
maxtef,´pyq | y P Y closed pointu ă αfpxq.
See section 4 for the definition of ef,´.
Without the genericness of Ofpxq, we can still prove the following.
Theorem 1.15. Let X be a nice variety over K. Let f : X ÝÑ X be
a finite surjective morphism and S Ă MK a finite set. Let hH be an
ample height function on X. Let Y Ă X be a proper closed subscheme
and x P XpKq a point. Suppose:
(1) αf pxq ą 1;
(2) There is no f -periodic subvariety P such that Y X P ‰ H and
ef,`pP q ě αf pxq.
Let
d “ lim inf
nÑ8
hY pf
npxqq
hHpfnpxqq
.
Assume Vojta’s conjecture (for blow ups of X). Then for any ǫ ą 0,
the set "
z P Ofpxq
ˇˇˇ
ˇ
ř
vRS λY,vpzq
hHpzq
ď d´ ǫ
*
is not Zariski dense in X.
When X “ PN and Y is a divisor D, this can be stated in the
following way.
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Theorem 1.16. Let f : PNK ÝÑ P
N
K be a finite surjective morphism
with first dynamical degree d1pfq ě 2. Let S Ă MK be a finite set.
Let D be an effective Cartier divisor on PN and x P PN pKq a point.
Suppose there is no f -periodic subvariety P Ă PN such that DXP ‰ H
and ef,`pP q ě d1pfq.
Assume Vojta’s conjecture (for blow ups of PN). Then for any ǫ ą 0,
the set "
z P Ofpxq
ˇˇˇ
ˇ
ř
vRS λD,vpzq
hPN pzq
ď degD ´ ǫ
*
is not Zariski dense. Here hPN is the naive height function on P
N and
degD is the degree of D with respect to OPN p1q.
Proof. We may assume Ofpxq is infinite. Then αfpxq “ d1pfq. Thus
f, x,D satisfy the assumptions in Theorem 1.15. LetH be a hyperplane
in PN . Since D „ pdegDqH ,
lim
nÑ8
hDpf
npxqq{hHpf
npxqq “ degD
and we are done by Theorem 1.15. 
Remark 1.17. Yasufuku proved very similar results to Theorem 1.16.
For example see [20, Theorem 3], [21, Theorem 7]. Yasufuku assumes
Vojta’s conjecture for certain simple normal crossing (SNC for short)
divisors on PN , while we assume Vojta’s conjecture for blow ups of PN
in Theorem 1.16 (for certain SNC divisors). Also, we assume a geo-
metric condition on D concerning its geometric position with respect
to the periodic ramified loci of f and as a consequence, we get a simple
bound “degD ´ ǫ” .
Remark 1.18. Theorem 1.16 implies in particular that any sets of
pD,Sq-integral points in the orbit Ofpxq are not Zariski dense. Here
a set of pD,Sq-integral points means a subset of pPNzDqpKq on whichř
vRS λD,v is bounded. See [12] for a result when N “ 2 (assuming the
Lang-Vojta conjecture).
As an immediate corollary of Theorems 1.13 and 1.16, we get the
following.
Corollary 1.19 (Dynamical Lang-Siegel for PNQ ). Let P
N
Q be the pro-
jective space over Q with coordinate x0, . . . , xN with N ě 1. Let
f : PNQ ÝÑ P
N
Q be a surjective morphism with first dynamical degree
d1pfq ě 2. Suppose there is no f -periodic subvariety P such that
px0 “ 0q X P ‰ H and ef,`pP q ě d1pfq.
Assume Vojta’s conjecture (for blow ups of PN). Let x P PNpQq be
a point and write
fnpxq “ pa0pnq : ¨ ¨ ¨ : aN pnqq
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with a0pnq, . . . , aNpnq P Z and gcdpa0pnq, . . . , aNpnqq “ 1. If x has
infinite f -orbit, then for any ǫ ą 0, the set"
fnpxq
ˇˇˇ
ˇn ě 0, log |a0pnq|logmaxt|a0pnq|, . . . , |aNpnq|u ă 1´ ǫ
*
is not Zariski dense in PN . If Ofpxq is generic, we have
lim
nÑ8
log |a0pnq|
logmaxt|a0pnq|, . . . , |aN pnq|u
“ 1.
Proof. Let D be the divisor on PN defined by x0 “ 0. Then we can
take a local height function associated with D as
λD,ppa0 : ¨ ¨ ¨ : aNq “ log
ˆ
maxt|a0|p, . . . , |aN |pu
|a0|p
˙
p “ 8 or prime
for pa0 : ¨ ¨ ¨ : aNq P P
NpQq with a0 ‰ 0. Let us write simply | |8 “ | |.
Then if a0pnq ‰ 0, we haveř
p‰8 λD,ppf
npxqq
hPN pfnpxqq
“
logmaxt|a0pnq|, . . . , |aN pnq|u ´ log
´
maxt|a0pnq|,...,|aN pnq|u
|a0pnq|
¯
logmaxt|a0pnq|, . . . , |aNpnq|u
“
log |a0pnq|
logmaxt|a0pnq|, . . . , |aN pnq|u
.
Thus the first statement follows from Theorem 1.16. For the second
statement, suppose Ofpxq is generic. Then by Theorem 1.13, we have
0 “ lim
nÑ8
λD,8pf
npxqq
hPN pfnpxqq
“ lim
nÑ8
log
´
maxt|a0pnq|,...,|aN pnq|u
|a0pnq|
¯
logmaxt|a0pnq|, . . . , |aNpnq|u
“ lim
nÑ8
ˆ
1´
log |a0pnq|
logmaxt|a0pnq|, . . . , |aNpnq|u
˙
and we are done. 
Remark 1.20. Corollary 1.19 says that Vojta’s conjecture implies the
so called Dynamical Lang-Siegel conjecture for PNQ ( [1, Conjecture
21.4]). Note that the assumption in [1, Conjecture 21.4] is not sufficient
and there is a counter example to that form, cf. Example 6.2.
Organization of the paper In sections 2 and 3, we fix notation
related to absolute values and local height functions, and recall a ver-
sion of Roth’s theorem. In section 4, we review a theorem on asymp-
totic behavior of multiplicities of self-morphisms, which is due to Favre
and Gignac. In section 5, we prove Theorem 1.8. In section 6, we
prove an (unconditional) theorem on the size of coordinates of orbits
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of self-morphisms on projective space. We also give a counter example
to [1, Conjecture 21.4]. In section 7, we prove Theorems 1.13 and 1.15.
We give a lower bound for the sequence of log canonical thresholds
lctpX, pfnq´1pY qq, which enable us to apply Vojta’s conjecture effec-
tively. Only in this section do we use Vojta’s conjecture.
Convention In this paper, we work over a number field or a field of
characteristic zero.
‚ An algebraic scheme over a field k is a separated scheme of finite
type over k;
‚ A variety over k is an algebraic scheme over k which is irre-
ducible and reduced;
‚ A nice variety over a field k is a smooth projective geometrically
irreducible scheme over k;
‚ Let X be a scheme over a field k and k Ă k1 be a field extension.
The base change X ˆSpec k Spec k
1 is denoted by Xk1. For an
“object” A on X , we sometimes use the notation Ak1 to express
the base change of A to k1 without mentioning to the definition
of the base change if the meaning is clear.
‚ For a closed subscheme Y Ă X , the ideal sheaf defining Y is
denoted by IY ;
‚ For a self-morphism f : X ÝÑ X of an algebraic scheme over k
and a point x of X (scheme point or k1-valued point where k1
is a field contains k), the f -orbit of x is denoted by Ofpxq, i.e.
Ofpxq “ tf
npxq | n “ 0, 1, 2, . . . u.
Acknowledgements. The author would like to thank Joseph Silver-
man for discussing this subject with him and giving him many sug-
gestions and valuable comments. He would also like to thank Kenta
Hashizume, Reimi Irokawa, Takumi Murayama, Kenta Sato, Yuya
Takeuchi, Takehiko Yasuda, and Shou Yoshikawa for answering his
questions. The author is supported by JSPS Overseas Research Fel-
lowship. He would also like to thank the department of mathematics
at Brown University for hosting him during his fellowship.
2. Local heights and arithmetic distance function
We fix notation related to local height functions and arithmetic dis-
tance functions. See [3, 7, 10] for the definitions and basic properties
of absolute values and local/global height functions associated with di-
visors, and see [17] for local/global height associated with subschemes
and arithmetic distance functions.
Let K be a field with proper set of absolute values MK . Let MpKq
be the set of absolute values on K which extend absolute values ofMK .
For any intermediate field K Ă L Ă K with rL : Ks ă 8, let MpLq be
the set of absolute values on L which extend absolute values of MK .
Note that MpLq is also a proper set of absolute values.
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Let X be a projective variety over K and Y Ă XK be a proper closed
subscheme. We can equip Y with a function, which is called the local
height function associated with Y :
λY : pXzY qpKq ˆMpKq ÝÑ R; px, vq ÞÑ λY,vpxq.
Note that this is determined up to MK-bounded function.
For a particular choice of the local height function, each λY,v is a
function on pXzY qpKq. If we write Y “ D1X¨ ¨ ¨XDr for some effective
Cartier divisors Di, then
λY,v “ min
1ďiďr
tλDi,vu up to MK-bounded function
where λDi,v are the usual (logarithmic) local heights associated with
Di.
When Y is also defined over K, let us denote by Y the model over
K. In this case, we can choose λY so that the indicated map exists,
pXzY qpLq ˆMpKq 

//
idˆp q|L

pXzY qpKq ˆMpKq
λY
// R
pXzY qpLq ˆMpLq
D
55
for any intermediate field K Ă L Ă K with rL : Ks ă 8. The induced
map pXzY qpLq ˆ MpLq ÝÑ R is also denoted by λY : the image of
px, vq P pXzY qpLq ˆ MpLq is denoted by λY,vpxq. A global height
function hY : pXzY qpKq ÝÑ R associated with Y is defined by this
choice of λY.v:
hY pxq “
1
rL : Ks
ÿ
vPMpLq
rLv : Kv|K sλY,vpxq(2.1)
for x P pXzY qpLq.
The arithmetic distance function on X is the local height function
on X ˆX associated with the diagonal ∆:
δX,v :“ λ∆,v for v PMpKq.
In this paper, when K is a number field, MK is the set of ab-
solute values that are normalized as in [3, p11 (1.6)]. Namely,
if K “ Q, then MQ “ t| |p | p “ 8 or a prime numberu with
|a|8 “
#
a if a ě 0
´a if a ă 0
|a|p “ p
´n if p is a prime and a “ pn k
l
where
k, l are non zero integers coprime to p.
For a number field K, MK consists of the following absolute values:
|a|v “ |NKv{Qppaq|
1{rK:Qs
p
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where v is a place of K which restricts to p “ 8 or a prime number.
We use this normalization to define global height functions hH , hY , etc.
Note that under this notation, (2.1) becomes
hY pxq “
ÿ
vPML
λY,vpxq
where λY,v is defined by using normalized absolute values in ML.
Let K is a number field. Let v P MK . For any two extensions
v1, v2 P MpKq of v, λY,v1 ´ λY,v2 is a bounded function on pXzY qpKq.
Let Cv be the completion of the algebraic closure of Kv. Let } } be the
absolute value on Cv which extends v. Then t} }u is a proper set of
absolute values and we can define λYCv ,} }. Fix an embedding K Ă Cv
over K and let v1 be the restriction of } } on K via this embedding.
Then λYCv ,} }´λY,v1 is a bounded function on pXzY qpKq, where λYCv ,} }
is considered as a function on pXzY qpKq via the embedding K Ă Cv.
We will denote λYCv ,} } by λY,} } for simplicity.
These hold also for δX,v and we will use the same abbreviation.
3. Diophantine approximation
We use the following version of Roth’s theorem as a key input to the
proof of Theorem 1.8.
Theorem 3.1. Let X be a projective variety over a number field K.
Let H be a very ample divisor on X, and fix a height function hH .
Let y P XpKq be any point. Fix an arithmetic distance function δX .
Then for any v P MpKq and for any ǫ ą 0, there is a finite subset
Zpy, ǫq Ă XpKq such that
δX,vpx, yq ď p2` ǫqhHpxq for all x P XpKqzZpy, ǫq.
Proof. This follows from, for example, [14, Corollary 6.4]. Note that
in [14], they use different notation from this paper. After adjusting the
difference of normalizations of absolute values, we have
δX,vpx, yq “ ´ log dvpx, yq up to MK-bounded function
where dv is the distance function used in [14]. Also, since we take H
to be very ample, which corresponds to L in [14, Corollary 6.4], the
Seshadri constant in [14, Corollary 6.4] is ě 1: ǫxpLq ě 1. 
4. Multiplicities
In this section, we review a theorem by Favre and Gignac on the
multiplicities of preimages of points under self-morphisms. This is the
key to bound the singularities of pfnq´1pY q in the proof of our main
theorems.
In this section, the ground field is a field of characteristic zero. In
this section, if we write x P X for a scheme X , this literarlly means x
is a point of the underlying topological space of X .
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Definition 4.1. For a finite flat morphism f : X ÝÑ Y between alge-
braic schemes and a (scheme) point x P X , we define the multiplicity
of f at x by
efpxq “ lOX,xpOX,x{f
˚
mfpxqOX,xq.
Here lOX,x stands for the length as an OX,x module.
Remark 4.2. Let k be the ground field and k Ă k1 be a field extension.
Then for any scheme point x1 P Xk1 lying over x P X , we have efk1 px
1q “
ef pxq (use claim 4.4). For a point x P Xpk
1q, let ξ P X be the image
of x : Spec k1 Ñ X and and ξ1 be the image of px, idq : Spec k1 Ñ Xk1.
Then we have ef pξq “ ef pξ
1q and define ef pxq “ efpξq “ efpξ
1q.
Lemma 4.3. Let f : X ÝÑ Y and g : Y ÝÑ Z be finite flat morphisms
between algebraic schemes. Let x P X. Then we have
eg˝f pxq “ ef pxqegpfpxqq.
Proof. This follows from the following claim:
Claim 4.4. Let pA,mAq ÝÑ pB,mBq ÝÑ pC,mCq be flat local ho-
momorphisms between Noetherian local rings such that mAB is mB-
primary and mBC is mC primary. Then
lCpC{mACq “ lCpC{mBCqlBpB{mABq.
Proof. Since mAB is mB-primary and mBC is mC-primary, lBpB{mABq
and lCpC{mBCq are finite. By the exact sequence of C-modules
0 ÝÑ mBC{mAC ÝÑ C{mAC ÝÑ C{mBC ÝÑ 0
we have
lCpC{mACq “ lCpmBC{mACq ` lCpC{mBCq.
Since B ÝÑ C is flat we have the following exact sequence of C-
modules:
0 ÝÑ mABbBC ÝÑ mBbBC ÝÑ pmB{mABqbBC ÝÑ 0.(4.1)
Thus we have
lCpmBC{mACq “ lCpmBbBC{mABbBCq since B Ñ C is flat
“ lCppmB{mABqbBCq by (4.1)
“ lBpmB{mABqlCpC{mBCq since B Ñ C is flat.
Thus we get
lCpC{mACq “ lCpC{mBCqplBpmB{mABq`1q “ lCpC{mBCqlBpB{mABq.


Lemma 4.5. Let f : X ÝÑ Y be a finite flat morphism between alge-
braic schemes. Let x P X and y “ fpxq. Then
myOX,x Ą m
ef pxq
x .
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Proof. Let A “ OX,x{myOX,x. Since f is finite, this is an Artin local
ring. Let m Ă A be the maximal ideal. Note that efpxq “ lOX,xpAq “
lApAq since OX,x-submodules of A are exactly A-submodules of A. Let
r ą 0 be the minimum integer such that mr “ 0. Then mi{mi`1 ‰ 0
for i “ 0, . . . , r ´ 1 by Nakayama’s lemma. Therefore, we have r ď
lApAq “ ef pxq and get m
ef pxq “ 0. This means myOX,x Ą m
ef pxq
x . 
A function ϕ : X ÝÑ R is called upper semicontinuous if tx P X |
ϕpxq ă au is open for all a P R.
Proposition 4.6. Let f : X ÝÑ Y be a finite flat morphism between
algebraic schemes. Then the function
ef : X ÝÑ R, x ÞÑ efpxq
is upper semicontinuous.
Proof. Let I Ă OXˆYX be the ideal sheaf of the diagonal. Let
n0 “ maxtdimkpyqOf´1pyq | y P Y u
where kpyq is the residue field of y. Set F “ pr1˚pOXˆY X{I
n0q where
pr1 : X ˆY X ÝÑ X is the first projection. Then
efpxq “ lOX,xpFxbOX,xkpxqq(4.2)
and therefore we are done.
The equation (4.2) follows from the following claim, which is easy to
prove.
Claim 4.7. Let pA,mq ÝÑ pB, nq be a local homomorphism between
Noetherian local rings such that A{m has characteristic zero, mB is n-
primary, and rB{n : A{ms ă 8. Let I Ă BbAB be the ideal generated
by bb 1´ 1b b for b P B. If n ě lBpB{mBq, then
lBpBbAB{pI
n ` nbABqq “ lBpB{mBq.

The following theorem says we have control of asymptotic averages
of multiplicities of forward and backward orbits. These are due to
Favre [4, §2.5] and Gignac [5, A.3].
Theorem 4.8. Let X be an algebraic scheme over a field of charac-
teristic zero. Let f : X ÝÑ X be a finite flat surjective morphism.
Then
(1) The limit
ef,`pxq :“ e`pxq :“ lim
nÑ8
efnpxq
1{n
exists for all x P X. Moreover, let Lpxq Ă X be the ω-limit set
of x, i.e.
Lpxq “
č
kě0
tfnpxq | n ě ku.
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Then the generic points y1, . . . , yr of Lpxq form an f -periodic
cycle and we have
e`pxq “ pefpy1q ¨ ¨ ¨ efpyrqq
1{r.
(2) The limit
ef,´pxq :“ e´pxq :“ lim
nÑ8
´
suptefnpyq | y P X, f
npyq “ xu
¯1{n
exists.
(3) We have
e´pxq “ max
#
e`pyq
ˇˇˇ
ˇˇ y P X is an f -periodic
scheme point such that x P tyu
+
.
Note that this statement includes the existence of max.
(4) The function
e´ : X ÝÑ R, x ÞÑ e´pxq
is upper semicontinuous.
(5) We have e´pxq ď e`pxq for all x P X. If x is f -periodic, we
have e´pxq “ e`pxq.
Proof. Let τ “ log ef : X ÝÑ R. This is bounded and upper semicon-
tinuous by Proposition 4.6. By Lemma 4.3, we have
τnpxq :“
n´1ÿ
k“0
τpfkpxqq “
n´1ÿ
k“0
log ef pf
kpxqq “ log efnpxq.
Apply [5, Theorem A.3.1] or [6, Theorem E] (see also the comments
right below them) and [5, Theorem A.3.5] to f : X ÝÑ X and this
τ . 
Remark 4.9. It is not clear if [5, Proposition A.3.8] is true without
assuming f is a closed map. In our case, f is finite and therefore it is
closed.
5. Arithmetic distance and orbits
In this section, we prove Theorem 1.8.
Lemma 5.1. Let K be a field of characteristic zero with proper set of
absolute values MK . Let X, Y be nice varieties over K and f : X ÝÑ Y
a finite surjective morphism. For any y P Y pKq, there exists an MK-
constant γ such that for all x P XpKq and v PMpKq, we have
δY,vpfpxq, yq ď
ÿ
y1Pf´1pyq
efpy
1qδX,vpx, y
1q ` γv.
Note that the MK-constant γ depends on y.
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Proof. Fix y P Y pKq. Up to MK-constant, we have
δY,vpfpxq, yq “ λy,vpfpxqq “ λf´1pyq,vpxq here f
´1pyq is the scheme
theoretic inverse image
ď
ÿ
y1 P XpKq
fpy1q “ y
ef py
1qλy1,vpxq use Lemma 4.5
“
ÿ
y1 P XpKq
fpy1q “ y
ef py
1qδX,vpx, y
1q.

Proposition 5.2. Let k be a field of characteristic zero. Let X be a
nice variety over k and f : X ÝÑ X a surjective morphism. Let α ą 1.
Let y P Xpkq. Suppose y R f ipP q for all i ě 0 and for all f -periodic
subvariety P Ă Rf with e`pP q ě α. Then we have
lim
nÑ8
maxtefnpzq | z P Xpkq, f
npzq “ yu
αn
“ 0.
Proof. Apply Theorem 4.8 to fk : Xk ÝÑ Xk. By Remark 4.2, there is
no such P on Xk either. 
Theorem 5.3. Let K be a number field. Let X be a nice variety over
K. Let f : X ÝÑ X be a finite surjective morphism and S Ă MK a
finite set.
Let x, y P XpKq be points satisfying the following:
(1) αf pxq ą 1;
(2) y R f ipP q for all i ě 0 and for every subvariety P Ă Rf which
is f -periodic and satisfies limnÑ8 efnpηP q
1{n ě αfpxq. Here ηP
is the generic point of P .
Then
lim
nÑ8
ř
vPS δX,vpf
npxq, yq
hHpfnpxqq
“ 0.
Proof. Fix a v P MK . Let K Ă Kv be the completion and Kv Ă Cp
be the completion of the algebraic closure of Kv. Take the algebraic
closure K Ă Cp of K inside Cp. The absolute value on Cp which
extends v is denoted by } }v. Write δp¨, ¨q “ δX,} }vp¨, ¨q. By the triangle
inequality ( [17, Proposition 3.1(b)]), there is a constant C0 ą 0 such
that
mintδpα, βq, δpβ, γqu ď δpα, γq ` C0
for all α, β, γ P XpCpq.
We may take hH ě 1 and may assume that H is very ample. Fix
x, y P XpKq as in the statement. Take constants C1, C2 ą 0 and l ě 0
such that
C1n
lαf pxq
n ď hHpf
npxqq ď C2n
lαf pxq
n
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for all n ě 1 (Proposition 1.5).
Let ǫ ą 0 be any positive number. By Proposition 5.2, we can find
tpǫq ą 0 so that
maxtef tpǫqpzq | f
tpǫqpzq “ y, z P XpKqu
αfpxqtpǫq
ă ǫ.
Let
Dpǫq “ maxtδpz, wq | z ‰ w and z, w P f´tpǫqpyq Ă XpCpqu.
Then for any ξ P XpCpq, we have
mintδpξ, zq, δpξ, wqu ď δpz, wq ` C0 ď Dpǫq ` C0
for any distinct z, w P f´tpǫqpyq. Therefore, there is at most one z P
f´tpǫqpyq such that δpξ, zq ą Dpǫq ` C0.
By Theorem 3.1(Roth’s theorem), there is a finite subset Zpǫq Ă
XpKq such that for any z P f´tpǫqpyq we have
δpξ, zq ď 3hHpξq for all ξ P XpKqzZpǫq.
By Lemma 5.1, there is a constant Cpǫq ą 0, which depends on ǫ
and also y, such that
δpfnpxq, yq ď
ÿ
zPf´tpǫqpyq
ef tpǫqpzqδpf
n´tpǫqpxq, zq ` Cpǫq.
Let z0 P f
´tpǫqpyq be a point such that
δpfn´tpǫqpxq, z0q “ maxtδpf
n´tpǫqpxq, zq | z P f´tpǫqpyqu.
Then for all n ě tpǫq, we have
ÿ
zPf´tpǫqpyq
ef tpǫqpzqδpf
n´tpǫqpxq, zq ` Cpǫq
ď ef tpǫqpz0qδpf
n´tpǫqpxq, z0q ` d
tpǫqpDpǫq ` C0q ` Cpǫq
ď ef tpǫqpz0q3hHpf
n´tpǫqpxqq ` C3pǫq if f
n´tpǫqpxq R Zpǫq
where d “ deg f and C3pǫq “ d
tpǫqpDpǫq ` C0q ` Cpǫq.
Since Ofpxq is infinite by assumption, there is a positive integer
npǫq ě tpǫq such that fn´tpǫqpxq R Zpǫq for n ě npǫq.
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Thus for n ě npǫq, we have
δpfnpxq, yq
hHpfnpxqq
ď
3ef tpǫqpz0qhHpf
n´tpǫqpxqq
hHpfnpxqq
`
C3pǫq
hHpfnpxqq
ď
3ef tpǫqpz0qC2pn´ tpǫqq
lαf pxq
n´tpǫq
C1nlαfpxqn
`
C3pǫq
hHpfnpxqq
ď
3C2
C1
ef tpǫqpz0q
αfpxqtpǫq
`
C3pǫq
hHpfnpxqq
ď
3C2
C1
ǫ`
C3pǫq
hHpfnpxqq
.
Note that
‚ 3C2{C1 is independent of ǫ and n;
‚ C3pǫq is independent of n and hHpf
npxqq goes to infinity.
Thus we are done.

Without the assumptions, this theorem has trivial counter examples.
Example 5.4. Let
f : PNK ÝÑ P
N
K ; pX0 : ¨ ¨ ¨ : XNq ÞÑ pX
d
0 : ¨ ¨ ¨ : X
d
Nq
with d ě 2. Let
x “ px0 : ¨ ¨ ¨ : xNq P P
NpKq xi P K;
y “ p0 : ¨ ¨ ¨ : 0 : 1q P PNpKq.
Then we can take distance function (for fixed y) as
δPN ,vpx, yq “ log
ˆ
maxt|x0|v, . . . , |xN |vu
maxt|x0|v, . . . , |xN´1|vu
˙
for each v PMK . Suppose
|xN |v “ maxt|x0|v, . . . , |xN |vu ą maxt|x0|v, . . . , |xN´1|vu “: a
for some v. Then
δPN ,vpf
npxq, yq “ log
ˆ
|xN |
dn
v
ad
n
˙
“ dn logp|xN |v{aq.
Since hPN pf
npxqq “ dnhPN pxq where hPN is the naive height on P
N , we
get
lim
nÑ8
δPN ,vpf
npxq, yq
hPN pfnpxqq
“
logp|xN |v{aq
hPN pxq
ą 0.
Note that y is contained in the ramification divisor of f , which is
invariant under f and ef,`pyq “ d
N ě d “ αfpxq.
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Example 5.5. Let
f : P2Q ÝÑ P
2
Q; pX : Y : Zq ÞÑ pX : Y : Z `Xq.
Let
x “ p1 : 1 : 0q P P2pQq
y “ p0 : 0 : 1q P P2pQq.
Then fnpxq “ p1 : 1 : nq. Thus we get
δP2,8pf
npxq, yq “ log n`Op1q as nÑ 8
where δP2,8 is the arithmetic distance function at the infinite place of
Q. Since hP2pf
npxqq “ hP2p1 : 1 : nq “ log n, we have
lim
nÑ8
δP2,8pf
npxq, yq
hP2pfnpxqq
“ 1.
Note that αfpxq “ 1.
Example 5.6. Let
f : P2Q ÝÑ P
2
Q; pX : Y : Zq ÞÑ pX
3 : Y 3 ` Y Z2 : Z3q.
Let
x “ p1 : 0 : 2q, y “ p0 : 0 : 1q.
Then fpyq “ y and
ef,`pyq “ 3 “ d1pfq “ αfpxq.
It is easy to check that δP2,8pf
npxq, yq{hP2pf
npxqq does not converge to
0. Note that in this example, Ofpxq is infinite but not Zariski dense.
Question 5.7. Do there exist f,X, S, x, and y which satisfy the fol-
lowing?:
(1) X is a nice variety over a number field K with dimX ě 2;
(2) f : X ÝÑ X is a surjective morphism;
(3) x, y P XpKq such that ef,´pyq “ αfpxq ą 1 (or at least ef,´pyq ă
deg f);
(4) Ofpxq is Zariski dense;
(5) S ĂMK is a finite set andř
vPS δX,vpf
npxq, yq
hHpfnpxqq
does not converge to 0 (for any ample height hH).
Is it possible to construct such examples on projective spaces?
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6. Size of coordinates of orbits
Proposition 6.1. Let f : PNQ ÝÑ P
N
Q be a surjective endomorphism.
For each i “ 0, . . . , N , let yi “ p0 : ¨ ¨ ¨ : 0 : 1 : 0 : ¨ ¨ ¨ : 0q P P
N be the
points such that only the i-th coordinate is non-zero. Let x P PNpQq be
a point and write fnpxq “ pa0pnq : ¨ ¨ ¨ : aNpnqq where a0pnq, . . . , aN pnq
are coprime integers.
Suppose
(1) Ofpxq is infinite;
(2) There is no f -periodic subvariety P of Rf such that ef,`pP q ě
d1pfq and yi P f
jpP q for some i, j.
Then we have
lim
nÑ8
log pmax0ďjďN,j‰it|ajpnq|uq
log pmax0ďjďNt|ajpnq|uq
“ 1.
for all i.
Proof. Let h be the naive height function on PNQ and δ “ δPNQ ,8 be an
arithmetic distance function on PNQ at the infinite place. We can write
hpfnpxqq “ log
ˆ
max
0ďjďN
t|ajpnq|u
˙
δpfnpxq, yiq “ log
ˆ
max0ďjďNt|ajpnq|u
max0ďjďN,j‰it|ajpnq|u
˙
.
By the assumption and Theorem 1.8, we have
0 “ lim
nÑ8
δpfnpxq, yiq
hpfnpxqq
“ lim
nÑ8
log pmax0ďjďNt|ajpnq|uq ´ log pmax0ďjďN,j‰it|ajpnq|uq
log pmax0ďjďNt|ajpnq|uq
“ 1´ lim
nÑ8
log pmax0ďjďN,j‰it|ajpnq|uq
log pmax0ďjďNt|ajpnq|uq
.

Example 6.2. Let
g : P2Q ÝÑ P
2
Q; pX : Y : Zq ÞÑ pX
3 : Y 3 : Z3q;
σ : P2Q ÝÑ P
2
Q; pX : Y : Zq ÞÑ pX ` Y ` Z : 2X ` Y ` Z : X ´ Y ` Zq.
and define f “ σ´1 ˝ g ˝ σ. Let x P P2Q be any point such that σpxq P
tXY Z ‰ 0u and has infinite f -orbit. Let
y0 “ p1 : 0 : 0q, y1 “ p0 : 1 : 0q, y2 “ p0 : 0 : 1q.
Then f, x, yi satisfies all assumptions in Theorem 1.8.
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If we set x “ p2 : 3 : ´4q, then σpxq “ p1 : 3 : ´5q and x has infinite
f -orbit. Write fnpxq “ papnq : bpnq : cpnqq where apnq, bpnq, cpnq are
integers with gcd “ 1. Then numerical calculation shows:
n log |apnq| log |bpnq| log |cpnq|
1 3.25809653802148 4.14313472639153 4.47733681447821
2 9.88745979145893 13.7917945433468 13.8117474864837
3 29.6625317940388 42.7616764551608 42.7616785021394
4 88.9875953821169 129.671323726602 129.671323726602
5 266.962786146351 390.400265540926 390.400265540926
6 800.888358439052 1172.58709098390 1172.58709098390
This does not contradict to Proposition 6.1, but this looks as if it
gives a counter example to [1, Conjecture 21.4], and it actually does.
Indeed, let H0 be the hyperplane defined by X “ 0 and h be the naive
height on P2, then
λH0,8pf
npxqq
hpfnpxqq
“
λH0,8pσ
´1gnσpxqq
hpσ´1gnσpxqq
“
λσpH0q,8pg
npσpxqqq
hpgnpσpxqqq
` op1q
“ 1´
log | ´ a1pnq ` b1pnq|
logmaxt|a1pnq|, |b1pnq|, |c1pnq|u
` op1q
“ 1´
logp33
n
´ 1q
log 53n
` op1q
nÑ8
ÝÝÝÑ 1´
log 3
log 5
where we write gnpσpxqq “ pa1pnq : b1pnq : c1pnqq. This shows that
lim
nÑ8
log |apnq|
logmaxt|apnq|, |bpnq|, |cpnq|u
“
log 3
log 5
.
On the other hand, the first coordinates of fn for n “ 1, 2, 3 are not
constant multiples of powers of X .
Finally note that this f does not satisfy the assumption of Corol-
lary 1.19. The point σ´1p0 : 0 : 1q “ p0 : 1 : ´1q P H0 is an f -periodic
point such that ef,`p0 : 1 : ´1q “ 9 ą d1pfq “ 3.
7. Local height associated with subschemes
In this section we consider Question 1.1(2) for Y being an arbitrary
proper closed subscheme assuming Vojta’s conjecture. To bound the
growth of the local height associated to a closed subscheme Y , we
want to apply Vojta’s conjecture to the scheme theoretic inverse images
GROWTH OF LOCAL HEIGHTS 21
pfnq´1pY q. But in general, pfnq´1pY q could have bad singularities.
To overcome this problem, we estimate the asymptotic badness of the
singularities of pfnq´1pY q (§7.1) and also reformulate Vojta’s conjecture
in a slightly different way (§7.2).
7.1. Singularities of pull-backs. In this subsection, we work over a
field k of characteristic zero.
Definition 7.1. Let X be a variety over k. For a proper closed sub-
scheme Y Ă X and a (scheme) point x P X , the multiplicity of Y at x
is defined as
multx Y :“ multx IY :“ maxtm | pIY qx Ă m
m
x u
where IY is the ideal sheaf defining Y . Note that since Y ‰ X and X
is a variety, pIY qx ‰ 0 for any x P X and multx Y is finite.
Remark 7.2. When X is smooth, the function X ÝÑ Z, x ÞÑ multx Y
is upper semicontinuous. Thus, in particular,
max
x P X
closed point
tmultx Y u “ max
x P X
scheme point
tmultx Y u.
Remark 7.3. Let k Ă k1 be a field extension. Let p : Xk1 ÝÑ X be
the projection. Then multx1 Yk1 “ multppx1q Y for any x
1 P X 1. (cf.
claim 7.5.)
Lemma 7.4. Let f : X ÝÑ Z be a finite flat morphism between vari-
eties. Let Y Ă Z be a proper closed subscheme. Let x P X be a scheme
point. Then we have
multx f
´1pY q ă ef pxqpmultfpxq Y ` 1q.
Proof. This follows from the following claim. 
Claim 7.5. Let pA,mq ÝÑ pB, nq be a flat local homomorphism be-
tween Noetherian local rings such that mB is n-primary. Let a Ă A be
a non-zero ideal. Let
e “ lBpB{mBq and m0 “ maxtm | a Ă m
mu.
Then we have
aB Ć nepm0`1q.
Proof. Since ne Ă mB, we have nepm0`1q Ă mm0`1B. Since the map
a ÝÑ A ÝÑ A{mm0`1 is not zero and A ÝÑ B is faithfully flat,
abAB ÝÑ B ÝÑ B{m
m0`1B
is also not zero. This implies aB Ć mm0`1B. 
Next, we review the definitions of multiplier ideals and log canonical
thresholds. See for example [11, Chapter 9] for the basic properties of
them.
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Definition 7.6. Suppose k is algebraically closed. Let X be a smooth
variety over k and I Ă OX be a non-zero ideal sheaf. Let c P Q be
a positive rational number. Then the multiplier ideal sheaf J pX, Icq
associated with I and c is defined as follows. Let π : X 1 ÝÑ X be a
log resolution of pX, Iq, i.e. π is a projective birational morphism such
that
‚ X 1 is a smooth variety over k;
‚ IOX1 “ OX1p´F q for some effective Cartier divisor F on X ;
‚ Excpπq Y SuppF is simple normal crossing. Here Excpπq is
the exceptional locus of π, that is, Excpπq “ X 1zπ´1pUq where
U Ă X is the largest open subset such that π´1pUq
π
ÝÑ U is
isomorphic.
For any canonical divisor KX of X , there is a unique canonical divisor
KX1 on X
1 such that π˚KX1 “ KX . Then KX1{X :“ KX1 ´ π
˚KX is an
effective exceptional divisor which is independent of the choice of KX
and define
J pX, Icq “ π˚OX1pKX1{X ´ tcF uq
where tcF u is the divisor obtained by taking round down of coefficients
of cF . Note that since π˚OX1pKX1{Xq “ OX , this is an ideal sheaf on
X . See for example [11, 9.2] for the independence of J pX, Icq on π
and basic properties.
Definition 7.7. Notation as in Definition 7.6. Let x P X be a closed
point. The log canonical threshold of I at x is
lctpI; xq “ inftc P Qą0 | J pX, I
cqx Ă mxu.
The log canonical threshold of pX, Iq is
lctpX, Iq “ mintlctpI; xq | x P X closed pointu.
These are positive rational numbers.
Remark 7.8. Notation as in Definition 7.6. For a rational number
c ą 0, the following are equivalent:
(1) c ď lctpX, Iq;
(2) all coefficients of the divisor KX1{X ´ cF are ě ´1.
Example 7.9. Let D be a simple normal crossing divisor on a smooth
variety X . Then lctpX,OXp´Dqq “ 1. In general, smaller lct corre-
sponds to worse singularities.
We make the following possibly non standard definition.
Definition 7.10. Let X be a nice variety over k. Let Y Ă X a proper
closed subscheme. Then we define the log canonical threshold of pX, Y q
as
lctpX, Y q :“ lctpXk, Ykq :“ lctpXk, IYkq.
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By the following, we can connect the multiplicity and lct.
Lemma 7.11. Let X be a nice variety over k. Let Y Ă X be a proper
closed subscheme. Then
lctpX, Y q ě
1
maxyPY tmulty Y u
.
Proof. This follows from the following claim. (When Y is a divisor, the
statement follows from [11, Proposition 9.5.13]) 
Claim 7.12. Let X be a smooth variety over an algebraically closed
field of characteristic zero. Let a Ă OX be a non zero ideal sheaf. Let
x P X be a closed point. For any c P Q such that 0 ă c ă pmultx aq
´1,
we have J pX, acqx “ OX,x.
Proof. This follows from the restriction theorem on multiplier ideals
[11, Example 9.5.4] and induction on dimension (note that if dimX “
1, this is trivial.). Note that for any point x P X and general hyper-
surface H through x (defined around x), we have multx a “ multx aH ,
where aH is the image of a (i.e. aH “ aOH). 
Corollary 7.13. Let X be a nice variety over k. Let f : X ÝÑ X be a
surjective morphism. Let Y Ă X be a proper closed subscheme. Then
we have
lim inf
nÑ8
lctpX, pfnq´1pY qq1{n ě
1
maxtef,´pyq | y P Y u
.
Proof. By Lemmas 7.4 and 7.11, we have
lctpX, pfnq´1pY qq ě
1
maxxPpfnq´1pY qtmultxpfnq´1pY qu
ě
1
maxxPpfnq´1pY qtefnpxqpmultfnpxq Y ` 1qu
.
Let m0 “ maxtmultx Y | x P Y u ` 1. Then
lctpX, pfnq´1pY qq ě
1
m0maxxPpfnq´1pY qtefnpxqu
ě
1
m0 supyPY maxtefnpxq | f
npxq “ yu
.
By Theorem 4.8, we get
lim inf
nÑ8
lctpX, pfnq´1pY qq1{n ě
1
maxtef,´pyq | y P Y u
.

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7.2. Vojta’s conjecture. We reformulate Vojta’s conjecture using log
canonical thresholds. Let us first recall the usual Vojta’s conjecture.
Conjecture 7.14 (Vojta’s conjecture [19, Conjecture 3.4.3]). Let K be
a number field, X a nice variety over K, D an effective simple normal
crossing divisor on X, H a big divisor on X, and KX a canonical
divisor on X. Fix a local height function tλD,vuvPMK and global height
functions hH and hKX . Then for any finite set S Ă MK and any
positive number ǫ ą 0, there is a proper closed subset Z Ă X such thatÿ
vPS
λD,vpxq ď ǫhHpxq ´ hKX pxq
for all x P pXzZqpKq.
Proposition 7.15. Let K be a number field and let S ĂMK be a finite
set. Let X be a nice variety over K. Let Y Ă X be a proper closed
subscheme and let tλY,vuvPMK be a local height function associated with
Y . Let hH , hKX be height functions associated with an ample divisor H
and a canonical divisor KX on X.
Let c ą 0 be a positive rational number such that the pair pX, IcY q
is log canonical. Let ǫ ą 0 be any positive number. Then Vojta’s
conjecture (for blow ups of X) implies that there is a proper closed
subset Z Ă X such that
c
ÿ
vPS
λY,vpxq ď ǫhHpxq ´ hKX pxq
for all x P pXzZqpKq
In particular, we can take c “ lctpX, IY q.
Proof. Let µ : X 1 ÝÑ X be a log resolution of pX, Y q. Write
KX1{X ´ cµ
´1pY q “
ÿ
i
aiEi
where Ei are distinct prime divisors on X
1. (Note that the scheme the-
oretic inverse image µ´1pY q is an effective Cartier divisor on X 1.) Note
that ai ě ´1 since pX, I
c
Y q is log canonical and KX1{X is (exceptional)
effective since X is smooth. (We can do this at least over a finite ex-
tension of K. But it is enough to show the statement after taking base
change to a finite extension of K.)
Let ǫ ą 0 be a positive number. Since cµ´1pY q ´KX1{X is a divisor
with simple normal crossing support with coefficient ď 1, by Vojta’s
conjecture, there is a proper closed subset Z 1 Ă X 1 such that
c
ÿ
vPS
λµ´1pY q,v ´
ÿ
vPS
λKX1{X ,v ` hKX1 ď ǫhµ˚H
on pX 1zZ 1qpKq. Since we can take KX1 so that KX1 “ µ
˚KX `KX1{X ,
we get
c
ÿ
vPS
λY,v ˝ µ` hKX ˝ µ`
ÿ
vRS
λKX1{X ,v ď ǫhH ˝ µ
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on pX 1zZ 1qpKq (enlarge Z 1 if necessary). Thus the statement holds for
Z “ µpZ 1q Y µpExcpµqq (if we chose λKX{X1 ,v ě 0 outside SuppKX{X1).

7.3. Proof of Theorems 1.13 and 1.15. Let K be a number field.
Lemma 7.16. Let X be a nice variety over K. Let f : X ÝÑ X be a
finite surjective morphism and let S Ă MK be a finite set. Let Y Ă X
be a proper closed subscheme and x P XpKq a point. Fix an ample
height hH on X, a height hKX associated with the canonical divisor
KX , and a local height function tλY,vuvPMK associated with Y .
Set e “ maxtef,´pxq | x P Y u.
Assume Vojta’s conjecture (for blow ups of X). Then for any ǫ ą 0,
there exists a positive integer t0 ě 1 such that the following holds. For
any t ě t0 and for any ǫ
1 ą 0, there exists a proper Zariski closed subset
Z “ ZpY, ǫ, t, ǫ1q Ă X and a constant Cptq ě 0 such that for all n ě t,
we haveÿ
vPS
λY,vpf
npxqq ď pe` ǫqtpǫ1hHpf
n´tpxqq ´ hKX pf
n´tpxqqq ` Cptq
if fn´tpxq R Z. Note that Z,Cptq are independent of x and n.
Proof. By Corollary 7.13, for any ǫ ą 0, there is a t0 ě 1 such that
lctpX, pf tq´1pY qq ě
1
pe ` ǫqt
.
for all t ě t0 Therefore, we can use 1{pe ` ǫq
t as c in Proposition 7.15.
Fix a t ě t0. By Proposition 7.15, for any ǫ
1 ą 0, there exist a proper
Zariski closed subset Z Ă X and a constant Cptq ě 0 such thatÿ
vPS
λY,vpf
npxqq ď
ÿ
vPS
λpf tq´1Y,vpf
n´tpxqq ` Cptq functoriality of
local heights
ď pe ` ǫqtpǫ1hHpf
n´tpxqq ´ hKX pf
n´tpxqqq ` Cptq Proposition 7.15
if fn´tpxq R Z. 
Proof of Theorem 1.13. Wemay take hH ě 1 without loss of generality.
We use the notation in Lemma 7.16. By the assumption and Theo-
rem 4.8, we have e ă αfpxq. Let ǫ0 ą 0 be any positive number. Let
ǫ ą 0 be such that e ` ǫ ă αfpxq. For this ǫ, apply Lemma 7.16 and
take t0. Take a t ě t0 so that
pe` ǫqt
αfpxqt
ă ǫ0.
Then again by Lemma 7.16 (applied to ǫ1 “ 1), there is a proper closed
subset Z Ă X such thatÿ
vPS
λY,vpf
npxqq ď ǫ0αf pxq
tphHpf
n´tpxqq ´ hKX pf
n´tpxqqq ` Cptq
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for all n ě t such that fn´tpxq R Z. Since we assume Ofpxq is generic,
there is n0 such that for all n ě n0, we have f
n´tpxq R Z.
Now take constants C1, C2 ą 0 and l ě 0 such that
C1n
lαf pxq
n ď hHpf
npxqq ď C2n
lαf pxq
n
for all n ě 1 (Proposition 1.5). Also, take a constant C3 ą 0 such that
hH ´ hKX ď C3hH . Then we get for all n ě n0ř
vPS λY,vpf
npxqq
hHpfnpxqq
ď ǫ0αfpxq
tC3hHpf
n´tpxqq
hHpfnpxqq
`
Cptq
hHpfnpxqq
ď ǫ0αfpxq
tC3C2pn ´ tq
lαfpxq
n´t
C1nlαfpxqn
`
Cptq
hHpfnpxqq
ď
C2C3
C1
ǫ0 `
Cptq
hHpfnpxqq
.
Note that
‚ C1, C2, C3 are independent of ǫ0, n;
‚ Cptq is independent of n and hHpf
npxqq goes to infinity.
Thus we are done.

Proof of Theorem 1.15. Wemay take hH ě 1 without loss of generality.
We use the notation in Lemma 7.16.
By the assumption, e ă αfpxq. Let ǫ0 ą 0 be any positive number.
Let ǫ ą 0 be such that e ` ǫ ă αfpxq. For this ǫ, apply Lemma 7.16
and take t0. Take a t ě t0 so that
pe` ǫqt
αfpxqt
ă ǫ0.
Then again by Lemma 7.16 (applied to ǫ1 “ 1), there is a proper closed
subset Z Ă X such thatÿ
vPS
λY,vpf
npxqq ď ǫ0αf pxq
tphHpf
n´tpxqq ´ hKX pf
n´tpxqqq ` Cptq
for all n ě t such that fn´tpxq R Z. We can take hY so that if f
npxq R Y ,
then hY pf
npxqq “
ř
vPMK
λY,vpf
npxqq. Thusÿ
vRS
λY,vpf
npxqq
ě hY pf
npxqq ´ ǫ0αf pxq
t
`
hHpf
n´tpxqq ´ hKXpf
n´tpxqq
˘
´ Cptq
if fnpxq R Z 1 :“ f tpZq Y Y .
Now take constants C1, C2 ą 0 and l ě 0 such that
C1n
lαf pxq
n ď hHpf
npxqq ď C2n
lαf pxq
n
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for all n ě 1 (Proposition 1.5). Also, take a constant C3 ą 0 such that
hH ´ hKX ď C3hH . Thenř
vRS λY,vpf
npxqq
hHpfnpxqq
ě
hY pf
npxqq
hHpfnpxqq
´ ǫ0
C2C3
C1
´
Cptq
hHpfnpxqq
if fnpxq R Z 1. Since
‚ C1, C2, C3 are independent of ǫ0, n;
‚ Cptq is independent of n and hHpf
npxqq goes to infinity,
we are done.

Example 7.17. Theorem 1.13 is not true without the assumption (3).
Let
f : P2Q ÝÑ P
2
Q; pX : Y : Zq ÞÑ pX
2 : ppY, Zq : qpY, Zqq
where p, q P QrY, Zs are coprime homogeneous polynomials of degree
2. Let D “ pX “ 0q Ă P2. Then f´1pDq “ D as sets and f induces a
surjective morphism g : P1 “ D ÝÑ D “ P1 defined by p, q. It is easy
to see that for a closed point a P D,
ef,`paq “ 2 if Ofpaq does not contain any periodic critical points of g;
ef,`paq ą 2 if Ofpaq contains a periodic critical point of g.
Let p “ Y 2 ` Z2, q “ Y Z. Then the critical points of g are not
periodic and therefore we have
2 ď maxtef,´pyq | y P Du ď maxtef,`pyq | y P D closed pointu “ 2.
Take a local height associated with D as
λD,8 “ log
maxt|X|, |Y |, |Z|u
|X|
.
Let x “ p1 : 1 : 2q P P2pQq. Then αfpxq “ 2 and
λD,vpf
npxqq
hP2pfnpxqq
“ 1
for all n. Also we can check that the orbit Ofpxq is Zariski dense in
P2. Moreover, f induces a surjective self-morphism on A2 “ P2zD and
Ofpxq Ă A
2. Since Dynamical Mordell-Lang conjecture is proved for
self-morphisms on A2 over Q [22], the orbit Ofpxq is generic.
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